(1.1) ---••• (aP*0), Z>i + z -b2 -\-z -b3 + zin which the coefficients av, bp are complex numbers, and z is a complex parameter, have been called J-fractions because of their connection with the infinite matrices known as J-matrices. The theory of 7-fractions with real coefficients includes the Stieltjes continued fraction theory and certain of its extensions. In a recent paper, Hellinger and Wall [3] 0) treated the case where ap is real and bp is an arbitrary complex number with nonnegative imaginary part. In these cases, the 7-fraction obviously has the property that all the quadratic forms are positive definite for Q(z) >0. In the present paper we investigate the general class of all /-fractions for which these quadratic forms are positive definite. We develop a theory of these positive definite /-fractions analogous to the classical theory (2) . The main points can be summarized as follows.
A. Nest of circles. Regarding the /-fraction as an infinite sequence of linear transformations, we construct for 3(z)>0 a nest of circles Kp(z) ip = \, 2, 3, ■ ■ ■ ) lying in the lower half-plane, each contained in the preceding, and such that/p(z) lies on K"iz). A formula for the radius rPiz) of KPiz) is obtained which involves a value of one of the quadratic forms (1.2). Two cases have to be distinguished, according as limp»*, rp(z)=0 ^limit-point case") or linij,,,» rp(z)>0 ("limit-circle case").
B. Theorem of invariability. We show that the distinction between the two cases is invariant under a change in the particular value of the parameter z in the upper half-plane. Furthermore, in the limit-point case the /-fraction converges and represents an analytic function of z for 3Kz) >0. (') Numbers in square brackets refer to the bibliography at the end of the paper. (2) We refer the reader to [3] for a summary of the history of these problems and for references.
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[May C. Asymptotic representation. A function/(z) which for 3(z) >0 is analytic and has its value in all the circles Kv(z) is called an equivalent function of the /-fraction.
We show that an arbitrary equivalent function/(z) is represented asymptotically by the 7-fraction in the sense(3) that lim z2»(/(z) -fp(z)) = 0 Z= oo as z approaches » along any path for which Q(z) ^ ô >0 (5 an arbitrary positive number).
D. Stieltjes integral representation. We show that an arbitrary equivalent function f(z) has a Stieltjes integral representation f +X d^u)
where <p(u) is a bounded nondecreasing function. Further developments of the positive definite /-fraction and connections with other problems in the analytic theory of continued fractions are contained in the paper Quadratic forms and convergence regions for continued fractions appearing in the Duke Mathematical Journal.
Positive definite /-fractions.
A J-fraction is a continued fraction of the form 
in which ai, 02, a3, ■ ■ ■ are arbitrary complex numbers different from zero, b\, i>2, b3, ■ ■ ■ are arbitrary complex numbers, and z = x+iy is a complex variable. We denote its pth approximant by
where the Ap(z) and BP(z) are given by the recursion formulas From the recursion formulas we have immediately the determinant formula:
With the continued fraction (2.1) we associate the bilinear form "-i (2 . 5) H,il, 1,) = £ 3{br + z)HrVr -£ S(ar)(ÍrVr+l + ír+HIr). There is an extensive theory of /-fractions in which the coefficients ap, bp are all real. Recently this theory has been extended to the case where the ap are real and the bp are complex numbers with nonnegative imaginary parts. In these cases it will be observed that the quadratic forms 77p(£, £) are positive definite for Q(z) >0. This suggests that we consider the general class of all /-fractions for which these quadratic forms are positive definite. Accordingly, we make the following definition : Under the hypothesis of the induction, it suffices to show that when the relations (2.12) hold, then the relations obtained from these by replacing ßn+y by ß*(z) =S(b*(z)) also hold. Inasmuch as ßn+y appears only in the determinants of the last row of the inequalities (2.12), we need consider only the determinants T>"*Cr)(z), r = 0, 1, 2, • • • , » -1, obtained from 7>¡,r)(y) by replacing ßn+y by /3"*(z). We find immediately that
where D^Z^iy) must be set equal to unity. When (2.12) and (2.13) hold we therefore conclude that (2.15) is positive inasmuch as the determinant of the quadratic form in the brackets is (2.16) D^i(y)-Dnli(y)>0.
In obtaining this we have used the recursion formula (2.17) D%i(y) = GW + y)D(:} -c¿D?-i(y).
We shall conclude this section with a series of lemmas which will be used later. Hence, since B0 = 1, then $(ap+iBp+i~Bp) >0 for 3(z) =y>0, and therefore
Proof. By (2.2) we have:
Multiplying these equations by £0, £i, • • • , Bp, respectively, adding, and then taking the imaginary parts of the resulting sums, we obtain (2.18). Proof. The expression vp(z; t), z=x+iy, is the denominator of the modified approximant
This may be regarded as obtained from Bp(z) by replacing bp by bp -c, and therefore the determinant Dp(y) becomes 7>p(y) -Dp^(y)Dp(t)/Dp^(t).
This is positive for 0</<y, by (2.25) and (2.21). Consequently, by Lemma 2.1, vp(x+iy; t) 5^0 if y >¿>0, that is, the polynomial in z, vp(z; t), has all its zeros in the half-plane $(z) ^t. By (2.19), Bp(z) has all its zeros in the halfplane 3(z) ^0. The inequalities (2.28) and (2.29) are immediate consequences, if we regard the polynomials as products of the vectors from the point z to their zeros.
3. The nest of circles. In the preceding section we showed that a /-fraction has all its approximants fp(z) in the lower half-plane, for y = !$(z)>0, provided all the determinants Dp(y) are positive for y positive. Our next problem is to determine more specifically the location of the approximants. Inasmuch as the /-fraction may be regarded as a sequence of linear transformations, the considerations used in similar problems(4) suggest that a nest of circular regions 77p(z) can be obtained such that/p(z) lies in Hp(z). Such nests of circular regions can be obtained in various ways.
In general, it is desirable that a nest of circular regions Hp(z) have the following properties:
I. fP(z) is on the circle Kp(z) bounding HP(z) ; II. Hp(z) is a proper circular region;
The first property is desirable in order that a simple formula can be obtained for the radius rp(z) of KPiz) ; the second is desirable in order that one can obtain bounds for the values of the approximants; the third is desirable in order that there will be two and only two cases, namely: the regions Hp(z) have one and only one point in common (ulimit-point case"), or the regions Hp(z) have a circular region in common ("limit-circle case"). This last leads to a fourth desired property:
IV. The distinction between the two cases is invariant under a change in the particular value of the parameter z in the upper half-plane.
We shall now proceed to construct a nest of circles having these properties. Consider the linear transformation -«i, 0, [May and then to determine the corresponding range of t as our proposed region Hp(z). In the special case p = 1 we find that the range of t is in general a circular region, but that for particular values of z (3(z) >0) it may be a half-plane. Thus the second of the four requirements listed above is not satisfied. In order to make it possible to obtain smaller circular regions, we shall replace (3.2) by an arbitrary half-plane The function rp(y) will be appropriately determined later on. We next obtain formulas for the center Cp and radius rv of the circle Kp into which the straight line 3(w)=rp (y) is carried by the transformation Formula (3.12) shows simultaneously that the point (3.7), which is mapped into Cp, lies in the interior of the half-plane 3>(w)>Tp(y), so that this halfplane is mapped into the interior of 77p(z).
If ap5^0, then by Lemma 2.2 the function <rp(y) is a bounded monotone decreasing function of y which has a finite limit <rp(+0) as y approaches +0; if ap = 0, then <rp(y)=0. If now we take Tpiy) =-"p(+ 0), the inequality (3.3) will hold and, moreover, (3.13) will hold if a^O. The Proof. We show first that 77p+i(z) and Hp(z) have a region in common. In fact, as previously noted, the (J> + l)th approximant, /P+i(z), is upon 7Cp+i(z). Hence, it suffices to show that /P+i(z) is on the interior of Hp(z). This is equivalent to the statement that ^(¿ip+i+z) =0P+i+;y ><rp(+0), which is true by (2.26). To complete the proof, we now show that the boundaries Kp+i(z) and KP(z) can have at most one point in common. That is, there can be at most one pair of values wp+i and wp such that Taking imaginary parts and setting 3(wp) =o"p(+0), wp+i = u+iap+i(+0) (u real), and 5p+i = 9î(ap+i), we find that u must satisfy the quadratic equation:
[ßp+i + y -a-p(+ 0)]u2 -2sp+1ap+iu (3.14)
. If ap+i = 0, so that <rp+i(+0)=0, this equation has only the solution w=0. Thus wp+i = 0, wp= oo, and 2£p+i(z) is tangent to Kp(z). If ctp+i^O, the quadratic equation (3.14) has no real solution, inasmuch as the discriminant is equal to
which is negative by (2.27). Hence, in this case, Kp+i(z) and Kp(z) can have no point in common, and Property III is established. We have shown that the nest of circles has the first three of the desired properties. Furthermore, we find that the center and radius of the first circle 2sTi(z) are: where ai = 5i+iai, and ii = /i+*j8i. It follows that rx^ | 3(Ci)|, and hence the circles lie in the lower half-plane. Moreover, these formulas show that for all z such that y = 3(z) = ó*>0, the circles lie in a finite region depending only upon 5. Thus, there exists a finite number M¡ such that (3.15) 111 ^ Afa, for / in 27p(z) and 3(z) è 5 (p = 1, 2, ■ ■ ■ ).
If the ap are real, then each circle is tangent to the preceding, the first being tangent to the real axis from below at the origin, and the positive definite /-fraction reduces to that treated by Hellinger and Wall [3] . If the ap are not real, then each circle is contained entirely within the preceding, the first circle having an arbitrary location in the lower half-plane. In the accompany- Dq(y)
tends to the limit °o as p approaches oo.
Case II. The limit-circle case. The circular regions 77P(z) have a circular
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use region in common; the radius rp(z) of Kp(z) has a positive limit for p= oo ; the expression (4.1) has a finite limit for p= oo. In Case I the /-fraction converges to the value/(z). In Case II the /-fraction may or may not converge.
We shall now show that this distinction between the two cases is invariant under a change in the particular value of the parameter z in the upper halfplane.
Theorem B (The theorem of invariability). If Case I holds for one value of zin the upper half-plane, 3(z) >0, then Case I holds for every value of z in the upper half-plane, 3(z) >0. That is, if for p= <x> the expression (4.1) has the limit + » for one value of z with 3(z) > 0, then it has the limit + oo far every value of z with 3(z) >0.
Proof. Suppose that as p approaches °o the expression (4.1) tends to oo for z=x+it, />0. Then, by the inequalities (2.28) and (2.29), it follows that fory>/, This shows that if the expression (4.1) tends to =o for z = x+it, />0, it tends to oo for z=x+iy, y>t. That is, the limit-point case holds along any vertical segment 5 from z = x+it to z = x+iy, y>t.
Let f, 3G")>0, be an arbitrary point in the upper half-plane. Let G be a bounded closed simply-connected region in 3(z)>0, containing f and the segment S on the interior. We shall prove that if £i and £2 are any two points common to all the regions 77P(f), then £i=£2, and therefore we shall have the limit-point case for z = ¿". We can select two sequences of points up and vp such that The sequences of rational functions of z:
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are uniformly bounded over G by virtue of (3.15). Therefore, we may select subsequences from {tp(up)} and {tp(vv)\, converging uniformly over G to analytic limits/i(z) and/2(z), respectively. Inasmuch asfi(x+iy)=fi(x+iy) for y è< along the segment S, it follows that/i(z) =/2(z) for $(z) >0, and, in particular, Lx = /i(f) = /2(f) = Lt, as was to be proved. We now multiply (5.4) by ^p, sum over p from 1 to n, and then eliminate the quantity annn+iijn by means of (5.7). This gives the relation: We note in passing that if }(z) =/ is regarded as a complex variable, and if we take £i=l, £p = 0 for p>\, the inequality (5.8) becomes an inequality defining our nest of circular regions. We remark that the presence of the term [<rn_i(+0)-<rn_iOy)]11)"|2 prevents our using the method of Hellinger [2, p. 23] to show that one circle is contained in the preceding ("Property III"). We consider now the system of equations of the positive definite /-fraction (2.1) is uniformly bounded over every region of the upper halfplane whose distance from the real axis is positive. Hence, this sequence contains a subsequence which converges for $¡(z)>0 to an analytic limit/(z), and the value off(z) lies in every circle Kp(z). In the limit-point case there is defined in this way one and only one analytic function, namely, the value of the /-fraction.
In the limit-circle case there are infinitely many such analytic functions. These functions, and any function/(z) which for $(z) >0 is analytic and has its value in the circle Kp(z) for p = 1, 2, 3, • • -, will be called equivalent to the /-fraction.
We shall show that in the limit-point case, and also in the limit-circle case, an equivalent function/(z) is represented asymptotically by the /-fraction in accordance with the following theorem. nite /-fraction. Therefore, one may apply to the sequence the well known theorems on uniformly bounded families of analytic functions, for example, the Stieltjes-Vitali theorem. Furthermore, the associated sequence of monotone functions must contain a subsequence converging to a monotone limitfunction; and it is permissible to take the limit under both the integral and the differential sign.
